We consider a class of so-called ring Q-mappings that are a generalization of quasiconformal mappings. Theorems on the local behavior of inverse maps of this class are obtained. Under certain conditions, we also investigated the behavior of families of these mappings in the closure of the domain.
Introduction
The paper is devoted to the study of quasiconformal mappings and mappings with finite distortion, actively studied recently (see, e.g., [1] - [6] , cf. [7] .
Let M be the modulus of family of paths (see [6] ), and dm(x) corresponds to the Lebesgue measure in R n , n 2. Given sets E, F and D in R n = R n ∪ {∞}, Γ(E, F, D) denotes the family of all paths γ : [0, 1] → R n such that γ(0) ∈ E, γ(1) ∈ F and γ(t) ∈ D for all t ∈ (0, 1). In what follows, the boundary and the closure of the set are understood in the sense of R n . Let x 0 ∈ D, x 0 = ∞, S(x 0 , r) = {x ∈ R n : |x − x 0 | = r} , S i = S(x 0 , r i ) , i = 1, 2 , A = A(x 0 , r 1 , r 2 ) = {x ∈ R n : r 1 < |x − x 0 | < r 2 } . (see, e.g., [8] , cf. [9] ). We say that f is ring Q-mapping at ∞, if f (x/|x| 2 ) is a ring Q(x/|x| 2 )-mapping at the origin. A mapping f : D → R n is said to be ring Q-mapping in E, E ⊆ D, if (1.1) holds for every x 0 ∈ E. If, in addition, f is a homeomorphism, we say that f is ring Q-homeomorphism in E.
The main definitions and notations used below can be found in monographs [6] and [10] , and therefore are omitted. Recall that the domain D ⊂ R n is called locally connected at the point x 0 ∈ ∂D, if for every neighborhood U of a point x 0 there is a neighborhood V ⊂ U of a point x 0 such that V ∩ D is connected. The domain D is locally connected in ∂D, if D is locally connected at every point x 0 ∈ ∂D. The boundary of D is called weakly flat at a point x 0 ∈ ∂D, if for every P > 0 and every neighborhood U of the point x 0 , there is a neighborhood V ⊂ U of x 0 such that M(Γ(E, F, D)) > P for all continua E, F ⊂ D, intersecting ∂U and ∂V. The boundary of the domain D is weakly flat, if it is weakly flat at every point of ∂D.
Let (X, d) and (X ′ , d ′ ) be metric spaces with distances d and d ′ , respectively. A family G of mappings g : X ′ → X is said to be equicontinuous at a point y 0 ∈ X ′ , if for every
, g(y 0 )) < ε for all g ∈ G and y ∈ X ′ with d ′ (y, y 0 ) < δ. The family G is equicontinuous if G is equicontinuous at every point
In what follows, we consider that X = D, where D is a bounded domain in R n ,
Given a set E ⊂ R n , we put h(E) := sup
is ring Q-homeomorphism in D. The following assertion is valid.
The following assertion is valid. 
Preliminaries
First of all, we establish two elementary statements that play an important role in the proof of the main results. Let I be an open, closed or half-open interval in R. As usual, for a path γ : I → R n , we set 
The following lemma shows that inner points of each domain are weakly flat .
Lemma 2.2. Let D be a domain in R n , n 2, and x 0 ∈ D. Then, for every P > 0 and for any neighborhood U of the point x 0 there is a neighborhood V ⊂ U of the same point, such that M(Γ(E, F, D)) > P for any continua E, F ⊂ D, intersecting ∂U and ∂V. 
Let us consider the straight line
passing through points g m (y m ) and g m (y 0 ) (see Figure 1 ). Since D is bonded, by [11, Theo-
Since γ(0) ∈ P m , there exists 1 < t m < q m such that
Thus, 
From other hand, since ε
Indeed, by (3.1) and (3.5) we obtain that
By the definition of ring Q-homeomorphism at the point z m 1 and (3.2), we obtain that
which contradicts the relation (3.7). The contradiction obtained above disproves the assumption in (3.1). Theorem has been proved. ✷
On behavior of mappings in the closure of domain
Let us to turn to questions concerning the global behavior of mappings. The following assertion indicates that, for sufficiently good domains and mappings with condition (1.1), the image of fixed continuum under mappings can not be close to the boundary of the mapped domain, whenever Euclidean diameter of this continuum is bounded from below (cf. [6, Theorems 21.13 and 21.14]). 
Proof. Since D is bounded, and f m (D) = D ′ , m = 1, 2, . . . , we obtain that ∂D ′ = ∅.
Assume the contrary. Now, for each
Without loss of generality, we may assume that m k is increasing sequence of numbers. Since R n is compact, ∂D ′ is compact, as well. Note that f m k (A) is a compact set as a continuous image of a compact set A ⊂ D under the mapping f m k . Now, there exist x k ∈ f m k (A) and Figure 2 ). Since ∂D ′ is compact, Figure 2 : To the proof of Lemma 4.1
we may assume that y k → y 0 ∈ ∂D ′ , k → ∞; then also
Denote B h (x 0 , r) = {x ∈ R n : h(x, x 0 ) < r}. Given k ∈ N, we put
Since 
We may assume that
Since U k ∩ D ′ is path-connected, we can join the points z k , y k and w k sequentially by some
Since x ∈ |γ k | and x is an interior point of the domain D ′ , we write g m k (x) instead of g m k (x) in this case. By (4.1) and (4.2) and by triangle inequality, we obtain:
for sufficiently large k ∈ N, dist (∂D, A) := inf x∈∂D,y∈A |x − y|. Letting to inf in (4.4) over all
x ∈ |γ k | and all ω ∈ A, we obtain, that
Let us to cover the continuum A by balls B(x, ε/4), x ∈ A. Since A is the continuum, we
M 0 depends only on A, in particular, M 0 does non depend on k. Putting
we observe that
where Γ ki consists of all paths γ :
. Let us to show that Γ ki > Γ(S(x i , ε/4), S(x i , ε/2), A(x i , ε/4, ε/2)) . , there exists 0 < t 1 < 1 with γ(t 1 ) ∈ S(x i , ε/4). We can consider that γ(t) ∈ B(x i , ε/4) for t > t 1 .
. Thus, by [11, Theorem 1.I, Ch. 5, § 46], there exists t 1 < t 2 < 1 with γ(t 2 ) ∈ S(x i , ε/2). We can consider that γ(t) ∈ B(x i , ε/2) for t < t 2 . Put γ 2 := γ| [t 1 ,t 2 ] . So, γ 2 is a subpath of γ, which belongs to Γ(S(x i , ε/4), S(x i , ε/2), A(x i , ε/4, ε/2)). So, we have proved (4.8). Put
Observe that η satisfies (1.2) for r 1 = ε/4, r 2 = ε/2. Now, by the definition of ring Qhomeomorphism at
where c is some positive constant, and Q 1 is L 1 -norm of the function Q in D. By (4.7), (4.8) and (4.9), using subadditivity of modulus, we obtain that
Let us to show that we obtain the contradiction of (4.10) with weakly flatness of the boundary.
Let U := B h (y 0 , r 0 ), where r 0 > 0, r 0 < min{δ/4, m 0 /4}, δ is a number from the condition of the lemma, and h(
Since |γ k | and f m k (A) are continua, we obtain that 
for sufficiently large k ∈ N. Indeed, y k ∈ |γ k |, 
By (4.11), (4.12) and (4.13), we obtain that 
is equicontinuous at boundary points. We give the proof by contradiction. Now, we can find a point z 0 ∈ ∂D ′ , a number ε 0 > 0 and sequences 
Since D is locally connected on ∂D, there are neighborhoods U 1 and U 2 of x 1 and x 2 , whose closures do not intersect, and W i := D ∩ U i are path-connected sets. Without loss of generality, we may assume that U 1 ⊂ B(x 1 , δ 0 ) and
Let a 1 and a 2 be arbitrary points belonging to |γ 1 | ∩ W 1 and |γ 2 | ∩ W 2 . Let t 1 , t 2 be such that γ 1 (t 1 ) = a 1 and γ 2 (t 2 ) = a 2 . We join a 
Denote, as usual, |C 
we consider the covering A 0 := x∈|γ 1 | B(x, l 0 /4). Since |γ 1 | is a compact, we can choose
Let Γ m be a family of paths connecting |C 
Arguing similarly to proof of Lemma 4.1, we can show that
, we obtain by (1.1) that
where c 1 and c 1 are some positive constants, not depending on m. We conclude from (4.17), (4.18), (4.19) and subadditivity of modulus that 
